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The continuum linear theory of ionic crystals is applied to develop a two-dimensional eigenvalue problem in the Stroh
formalism. An integral approach is exploited to study the occurrence of surface waves along a free boundary of the crystal.
Dispersion relations are obtained by separating real and imaginary parts of the governing system and various boundary
conditions are examined. The problem of interfacial waves along the separation boundary between two diﬀerent crystals is
also outlined. Numerical computations are performed for a centrosymmetric crystal (KCl) in order to evaluate bulk wave
speeds, limiting speed of surface waves and solutions to the dispersion equations for diﬀerent boundary conditions.
 2008 Elsevier Ltd. All rights reserved.
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Besides its intrinsic interest, continuum models of electromagnetoelastic materials have received attention
in the past decades in connection with their application to electroacoustic devices for signal processing, testing
of materials, analysis of cracks, etc. The main task of these theories is to provide a suitable set of constitutive
equations which account for diﬀerent material properties such as various electromechanical couplings and
anisotropy.
In some instances, continuum models have been supported by microscopic theories based on the study of
atomic interactions between material constituents. This is the case of the theory of ionic crystals (see Mindlin,
1968; Maugin, 1988) where the occurrence of polarization gradients in the constitutive assumptions has been
justiﬁed by a simpliﬁed lattice-dynamics theory of alkali halide crystals (Askar et al., 1970; Askar and Lee,
1974). In particular, all the fundamental electromechanical couplings, polarization inertia and dissipative
eﬀects have been included in the non-linear theory by Maugin (1988) (see chapter 7) which reduces to the ori-
ginal theory by Mindlin (1968) in the linear case. It is worth remarking that microscopic quantitative methods,
based on a quantum ﬁrst-principle approach, have been recently developed to compute electroelastic proper-0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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non-linear continuum theory (Romeo, 2007).
The linear theory has been applied, in the past, to solve various problems both in statics and dynamics (see
references in Maugin, 1988). Here we are interested in a systematic approach to the surface and interfacial
wave problems. Our aim is to start from the linearized model by Maugin (1988) in order to obtain a two-
dimensional eigenvalue problem in the Stroh formalism. We account for a dielectric crystal of arbitrary anisot-
ropy, allowing for polarization inertia in the quasi-static approximation. After having introduced the govern-
ing equations in Section 2 we rearrange these in an algebraic system for the amplitudes of plane waves in
Section 3. We show that the symmetries of the resulting system are appropriate to develop the integral formal-
ism of Lothe and Barnett (1976a,b) in order to derive the dispersion equation bypassing the solution of the
eigenvalue problem.
Suitable forms of the dispersion equations are worked out in Section 4 by separating the real and imaginary
parts in the integrated system and exploiting diﬀerent boundary conditions of mechanical or electric type. Sec-
tion 5 is devoted to interfacial waves whose compatibility conditions are a consequence of the continuity of the
mechanical displacement, the traction and the normal component of the electric displacement.
Numerical evaluations are given in Section 6 for a centrosymmetric crystal including the dispersion relation
for bulk waves, the limiting wave speed for surface waves and the speeds of surface modes for diﬀerent con-
straints at the surface. The results show that none, one or more surface modes may occur for a given boundary
condition at a ﬁxed frequency.2. Linear equations in the continuum model for ionic crystals
According to Maugin (1988), a set of phenomenological governing equations for an electroelastic polariz-
able anisotropic crystal, in the quasi-static approximation and using the Heaviside–Lorentz system of units, is
given byq€u ¼ r  Tþ f;
m€P ¼ 1
q
r  Eþ Er/;
r  P D/ ¼ 0;
ð2:1Þat any point in Bt, andnT ¼ tðnÞ;
1
q
nE ¼ pðsÞ  bð0Þ;
n  P n  r/ ¼ n  r/ðextÞ;
ð2:2Þat any point on the boundary oBt with outward normal n. In the previous equations, u;P;/ are, respectively,
the mechanical displacement, the polarization and the electric potential, while q is the mass density, f is a den-
sity of volume forces acting on Bt and m ¼ dE=q, where dE is the polarization inertia. The vectors tðnÞ, pðsÞ and
bð0Þ represent, respectively, the mechanical traction acting on the boundary, a surface density of electric di-
poles and an intrinsic ‘‘polarization traction” due to the presence of the free boundary. In the fully linearized
theory the (symmetric) Cauchy stress tensor T, the generalized polarization force E and the generalized polar-
ization stress E are given by the following constitutive equationsT ¼ Cruþ FPþ ðrPÞTD;
E ¼ APGðrPÞT ruF;
1
q
E ¼ PGþ BrPþDru:
ð2:3ÞIn these equations, C;D;B are fourth-order tensors which comply with the following symmetry conditions
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while G and F are third-order tensors withF ijk ¼ F jik
and A is a symmetric second-order tensor. The positivity of the total energy density implies that the block
matrixA F G
Ft C D
Gt Dt B
0B@
1CA ð2:4Þbe positive deﬁnite. The superscript t here denotes suitable transposition according to the following ruleðDtÞijkl ¼ Dklij; ðFtÞijk ¼ F kij; ðGtÞijk ¼ Gjki:
We observe that the present linear model reduces to the well known piezoelectric theory if the dependence
on the polarization gradient is omitted and the polarization inertia is neglected (see Maugin, 1988).
Remark 1. The previous linearized ﬁeld equations are obtained by a non-linear continuum model for ionic
crystals which starts from the principle of virtual power, as developed by Maugin (1988), but with a slight
change. Here, within the balance of power, the additional surface term bð0Þ has been included which accounts
for the intrinsic surface energy, beside the power due to a surface mechanical traction and (possible) surface
dipoles pðsÞ. The total surface virtual power isZ
oBt
½tðnÞ  v þ qðpðsÞ  bð0ÞÞ  _pdS: ð2:5ÞThere are two reasons for which Eq. (2.5) is a right choice of the surface power. The ﬁrst reason traces back
to the physical meaning of the power density qbð0Þ  _p. According to the microscopic lattice model of Askar
et al. (1970), this density originates from the interaction of electric dipoles on the surface with the point
charges inside the crystal. It corresponds to the relaxation power due to polarization of the lattice in going
to an equilibrium state after the surface has been created.
The second reason arises from the following fact. Formally one can introduce a second-order tensor Bð0Þ
such that bð0Þ ¼ Bð0Þn and change the surface power density into a volume power density qBð0Þr _p which, ulti-
mately, gives rise to an additional constant term Bð0Þ in the constitutive equation for 1qE (Eq. (2.3)3). In doing
so we obtain the constitutive hypothesis proposed by Mindlin (1968). If this assumption is used in the linear-
ization procedure of the non-linear theory, a non-symmetric interaction contribution to the stress tensor sur-
vives in the linear case in contrast with the symmetry of T in the Mindlin’s theory.
These facts suggest to treat the polarization relaxation power as a genuine surface contribution in the con-
tinuum description of ionic crystals. Incidentally, we note that the additional term Bð0Þ in the constitutive
equation for 1qE has been originally introduced by Mindlin just to account for the surface energy of
polarization.
Remark 2. The left hand side of Eq. (2.1)2 arises from taking into account the inertia of electrons belonging
to the atomic shell during their bulk motion with respect to the lattice’s atomic centers. The polarization iner-
tia coeﬃcient m turns out to be proportional to the electronic density within the atomic shells (see Maugin,
1976 and the discussion in Kalpakidis, 1996). The corresponding inertial term in the polarization balance
equation could, eventually, be discarded yielding a less reﬁned dynamical model of ionic crystals. This last
approximation, which will be considered in Section 6, does not aﬀect noticeably the qualitative and quantita-
tive results.
3. Eigenvalue problem in the Stroh formalism
We derive here a two-dimensional vector problem for the governing Eq. (2.1) assuming that the ﬁelds u, P
and / behave as plane wave solutions in the form
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where k and x are real parameters, p is a complex-valued parameter and m; n represent a couple of orthogonal
unit vectors in an arbitrary two-dimensional plane p of the three-dimensional space occupied by the contin-
uum body B.
Denoting by D ¼ Pr/ the electric displacement vector, neglecting the mechanical force density f and
substituting Eq. (3.1) into (2.1) and (2.3) we obtain a system of linear equations for the setðu;P;/; nT; q1nE; n DÞ;
in the following formðmCm qv2IÞuþ PmDm ik1mFP ¼ pðmCnuþ PnDm ik1nTÞ;
mDmuþ ik1umFþmBPm mv2Pþ ik2APþ ik1ðGPmmPGÞ þ ik1/m
¼ pðmDnuþ ik1unFþmBPnþ ik1GPnþ ik1/n iðkqÞ1nEÞ;
 ik1Pm  / ¼ pik1n D;
nCmuþ PmDn ik1nFPþ ik1nT ¼ pðnCnuþ PnDnÞ;
nDmuþ nBPm ik1PGnþ iðkqÞ1nE ¼ pðnDnuþ nBPnÞ;
 ik1Pnþ ik1n D ¼ p/; ð3:2Þwhere v ¼ xk is the phase speed. Introducing the vector v ¼ vm, we deﬁne the following tensors
Cijkl ¼ Cijkl  qvidjkvl;
Bijkl ¼ Bijlk þ ix viGjlk  vlGkij
 þ vivl 1x2 Ajk  mdjk
 
;
Dijkl ¼ Dikjl  ix viF ljk ;
Hijk ¼ ix vkdij:
ð3:3ÞThen, introducing the ﬁeldX ¼ ðu;P;/;ik1nT;iðkqÞ1nE;ik1n DÞ;
Eq. (3.2) can be rewritten in the formPX ¼ pRX; ð3:4Þ
whereP ¼
mCm mDm 0 0 0 0
ðmDmÞ mBm mHm 0 0 0
0 ðmHmÞ 1 0 0 0
nCm mDn 0 I 0 0
ðnDmÞ nBm 0 0 I 0
0 ðnHmÞ 0 0 0 1
0BBBBBBBB@
1CCCCCCCCA
; ð3:5Þ
R ¼
mCn nDm 0 I 0 0
ðmDnÞ mBn nHm 0 I 0
0 0 0 0 0 1
nCn nDn 0 0 0 0
ðnDnÞ nBn 0 0 0 0
0 0 1 0 0 0
0BBBBBBBB@
1CCCCCCCCA
: ð3:6Þ
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synthetically, one can pose, for any couple of unit real vectors a; b,ðabÞ ¼
aCb bDa 0
ðaDbÞ aBb bHa
0 ðaHbÞ a  b
0B@
1CA; ð3:7Þso that the block matrices (3.5) and (3.6) becomeP ¼ ðmmÞ 0ðnmÞ I
 
; R ¼ ðmnÞ IðnnÞ 0
 
ð3:8Þwhere I ¼ diagðI; I; 1Þ. In view of positions (3.3), the quantities (3.7) turn out to satisfy the following relevant
conditionðabÞ ¼ ðbaÞ; ð3:9Þ
which, in particular, implies that the block matrices (mm), (nn) be hermitian. Owing to the positiveness of Eq.
(2.4) we realize that (nn) is not singular. It follows that the block matrix R is invertible. Posing N ¼ R1P we
obtain the eigenvector equationNX ¼ pX; ð3:10Þ
whereN ¼ ðnnÞ
1ðnmÞ ðnnÞ1
ðmmÞ  ðmnÞðnnÞ1ðnmÞ ðmnÞðnnÞ1
 !
ð3:11ÞSince N depends on x, the eigenvalues of the problem (3.10), as well as the wave speed v, will depend on x,
giving rise to dispersive waves.
The invertibility of R requires that (nn) be non-singular. This is surely true for v ¼ 0 since, in this case,
owing to the positiveness of (2.4), the matrix (nn) turns out to have six positive and one negative ð1Þ
eigenvalues.
Bulk waves, in the form of plane monochromatic waves are recovered in the present model by letting p ¼ 0
in Eq. (3.4). As a consequence we obtain the compatibility conditiondetðmmÞ ¼ 0: ð3:12Þ
For a given orientation m of the wave vector, the previous equation allows us to work out the wave speeds
v ¼ vm, with v real, for possible bulk waves at any frequency x.
Now we suppose that m and n are rotated in the plane p by an angle h with respect to the reference unit
vectors m0, n0 while v keeps its original direction m0. Then, in the eigenvector problem (3.10) the matrix N
turns out to depend on h. In the light of the standard analysis established by Lothe and Barnett (1976a,b),
we realize that the eigenvectors X do not depend on h. This result holds independently on the existence of
a complete set of 14 proper eigenvectors of N and allows us to rewrite the problem (3.10) in an equivalent
integrated form. Posing1
2p
Z 2p
0
N dh ¼ N ;we obtain (see Lothe and Barnett, 1976a)NX ¼ isX; ð3:13Þ
where s ¼ sgnðIpÞ. The block matrix N is given explicitly byN ¼ S Q
B S
 
ð3:14Þwhere
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2p
Z 2p
0
ðnnÞ1ðnmÞdh; Q ¼  1
2p
Z 2p
0
ðnnÞ1 dh;
B ¼ 1
2p
Z 2p
0
½ðmmÞ  ðmnÞðnnÞ1ðnmÞdh:Owing to Eq. (3.9) the matrices Q and B turn out to be hermitian. If 14 eigenvectors exist for N , then from
(3.13) we getN 2 ¼ I;
where I ¼ diagðI; IÞ. This last condition implies the following restrictions on B, Q, S,S2 þQB ¼ I; SQþQS ¼ 0; BSþ SB ¼ 0: ð3:15Þ
The previous analysis holds for any angle h such that (nn) is not singular. This condition will be satisﬁed for
values of v in the range ð0; vLÞ where vL is the smallest speed at which there exists a value of h such that one of
the eigenvalues of (nn) vanishes. In the following we shall refer to vL as the limiting wave speed.
4. Boundary conditions and surface waves
If a plane boundary S separating the ionic crystal from free space is considered with inward normal n, pos-
sible surface modes are required to satisfy the condition s ¼ 1 and the system (3.13) explicitly readsðSþ iIÞgþQr ¼ 0
Bgþ ðS þ iIÞr ¼ 0 ð4:1Þwhereg ¼ ðu;P;/Þ; r ¼ ðik1nT;iðqkÞ1nE;ik1n DÞ:
At S we haven DjS ¼ ikpðextÞ/ðextÞ:
We observe that the continuity of nr/ at S implies that / ¼ /ðextÞ at S. Moreover, in the free space, the
potential / satisﬁes the wave equationD/ðextÞ  1
c2
o2/ðextÞ
ot2
¼ 0;where c is the speed of light in vacuum. This equation implies that pðextÞ be imaginary and posing pðextÞ ¼ ic we
get c2 ¼ 1 v2c2. Since, coherently with the quasi-static assumption, v
2
c2  1, in view of the assigned direction of
n, we can choose c ¼ 1. Then, the boundary conditions (2.2) imply,rjS ¼ ðik1tðnÞ;ik1bðnÞ;i/ðextÞÞ; ð4:2Þ
where bðnÞ ¼ bð0Þ  pðsÞ. In view of the restrictions (3.15), Eqs. (4.1)1 and (4.1)2 are equivalent and we shall con-
sider only the ﬁrst one. Assuming that the quantities u;P;/; tðnÞ; bðnÞ be real, the vectors g; r turn out to be,
respectively, real and imaginary and the ﬁrst equation in (4.1) splits intoSag ¼ iQbr;
iðSb þ IÞg ¼ Qar; ð4:3Þwhere S ¼ Sa þ iSb;Q ¼ Qa þ iQb. For 0 < v < vL the matrix Q will be invertible and we can obtain the fol-
lowing homogeneous system for the ﬁeld g,½Sa þQbðQaÞ1ðSb þ IÞg ¼ 0: ð4:4Þ
An equivalent equation can be derived alternatively, in the following form½ðSb þ IÞ þQaðQbÞ1Sag ¼ 0:
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or, equivalentlydet½ðSb þ IÞ þQaðQbÞ1Sa ¼ 0:
More speciﬁc compatibility conditions can be reached from these results. To this end we poseZg ¼ Sa þQbðQaÞ1ðSb þ IÞ;
where, in block matrix form,Zg ¼
Zguu Z
g
uP Z
g
u/
Z
g
Pu Z
g
PP Z
g
P/
Z
g
/u Z
g
/P Z
g
//
0B@
1CA:If the free surface is grounded we have / ¼ 0 and the compatibility condition can be reduced todet
Zguu Z
g
uP
Z
g
Pu Z
g
PP
 
¼ 0: ð4:6ÞIf the surface is mechanically clamped, we have u ¼ 0 and the compatibility condition readsdet
Z
g
PP Z
g
P/
Z
g
/P Z
g
//
 !
¼ 0: ð4:7ÞIf the surface is both grounded and clamped, we getdet ZgPP ¼ 0: ð4:8Þ
Possible surface waves which carry no polarization at S are also admitted ifdet
Zguu Z
g
u/
Z
g
/u Z
g
//
 !
¼ 0: ð4:9ÞFrom system (4.3) we can get, alternatively, an homogeneous equation for the ﬁeld r, and the following,
equivalent, compatibility conditiondet½Qb þ SaðSb þ IÞ1Qa ¼ 0: ð4:10Þ
This is the appropriate form if we look at the speciﬁc case of mechanical stress-free surface, for which
nT ¼ 0. In this case, posing
Zr ¼ Qb þ SaðSb þ IÞ1Qa;we obtain the following compatibility conditiondet
Zrbb Z
r
b/
Zr/b Z
r
//
 !
¼ 0; ð4:11Þwhere we have adopted a notation analogous to that of the block matrix Zg. Another possible boundary con-
dition can be represented by bðnÞ ¼ 0. This can be accomplished by imposing pðsÞ ¼ bð0Þ. In this case we getdet
Zrtt Z
r
t/
Zr/t Z
r
//
 !
¼ 0: ð4:12ÞWe observe that Eqs. (4.6)–(4.9), (4.11) and (4.12) can be replaced by equivalent conditions representing the
requirements on the rank of the pertinent submatrices of Zg or Zr.
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Now we suppose that two diﬀerent ionic crystals are joined at a common plane boundary S in such a way
that the two half-spaces B1 and B2 are in welded contact. If the normal to S is directed inward to B1 the gov-
erning equations for the averaged Stroh problem in B1 and B2, are, respectivelyðSð1Þ þ iIÞgð1Þ ¼ Qð1Þrð1Þ;
ðSð2Þ  iIÞgð2Þ ¼ Qð2Þrð2Þ;
ð5:1Þwhere the superscript 1 and 2 pertain to quantities valued at B1 and B2, respectively. Adopting a technique
analogous to that exploited in the previous section, we split Eq. (5.1) into their real and imaginary parts,
to obtainSðhÞagðhÞ ¼ iQðhÞbrðhÞ
i½SðhÞb  ð1ÞhIgðhÞ ¼ QðhÞarðhÞ h ¼ 1; 2: ð5:2ÞIn view of the continuity requirements at the interface S, we introduce the vectorsnðhÞ ¼ ðuðhÞ; k1nTðhÞ; k1n DðhÞÞ;
mðhÞ ¼ ðPðhÞ; ½kqðhÞ1nEðhÞ;/ðhÞÞ;
h ¼ 1; 2:Then, a rearrangement of Eq. (5.2), yieldsYðhÞa n
ðhÞ ¼ WðhÞa mðhÞ
Y
ðhÞ
b n
ðhÞ ¼ WðhÞb mðhÞ;
h ¼ 1; 2; ð5:3ÞwhereYðhÞa ¼
SðhÞauu Q
ðhÞb
uu Q
ðhÞb
u/
S
ðhÞa
Pu Q
ðhÞb
Pu Q
ðhÞb
P/
S
ðhÞa
/u Q
ðhÞb
/u Q
ðhÞb
//
0BB@
1CCA; WðhÞa ¼
S
ðhÞa
uP Q
ðhÞb
uP S
ðhÞa
u/
S
ðhÞa
PP Q
ðhÞb
PP S
ðhÞa
P/
S
ðhÞa
/P Q
ðhÞb
/P S
ðhÞa
//
0BB@
1CCA;
Y
ðhÞ
b ¼
SðhÞbuu  ð1ÞhI QðhÞauu QðhÞau/
S
ðhÞb
Pu QðhÞaPu QðhÞaP/
S
ðhÞb
/u QðhÞa/u QðhÞa//
0BB@
1CCA;
W
ðhÞ
b ¼
S
ðhÞb
uP QðhÞauP SðhÞbu/
S
ðhÞb
PP  ð1ÞhI QðhÞaPP SðhÞbP/
S
ðhÞb
/P QðhÞa/P SðhÞb//  ð1Þh
0BB@
1CCA;with h ¼ 1; 2.
The boundary conditions at S require the continuity of u; nT and n D. Hence we imposenð1Þ ¼ nð2Þ;
at S. Substitution into (5.3) gives the following homogeneous system for mð1Þ and mð2Þ,Y
ð2Þ
b ½Yð1Þb 1Wð1Þb mð1Þ Wð2Þb mð2Þ ¼ 0; b ¼ a; b: ð5:4ÞThe corresponding compatibility condition can be written asdet
Yð2Þa ½Yð1Þa 1Wð1Þa Wð2Þa
Y
ð2Þ
b ½Yð1Þb 1Wð1Þb Wð2Þb
 !
¼ 0: ð5:5Þ
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and the continuity of n D at S reduces to the continuity of n  P. This means that one component of PðhÞ in mðhÞ
can be removed and by a proper redeﬁnition of the matrices YðhÞb , the system (5.4) turns out to contain 10
unknowns. Accordingly, the compatibility condition (5.5) will take a simpler form.6. Results on centrosymmetric crystals
The analysis of Section 4 has been applied to an alkali halide crystal structure. Values of the entries of the
constitutive tensors C;D;B has been derived some decades ago for such materials (see Askar et al., 1970)
exploiting a microscopic lattice theory of dielectric crystals with centrosymmetric material symmetry. Unfor-
tunately, material data for more general anisotropic crystals with non-zero third-order tensors G and F, to our
knowledge, are not available in the literature and we limit our numerical analysis to materials where the stress
tensor and the generalized polarization stress tensor depend on the polarization gradient but not on polariza-
tion. In the following we shall consider a KCl crystal, which belongs to the m3m class of cubic system, and
whose material parameters are given in Table 1. In view of the requirements of invariance of the class of sym-
metry, the constitutive tensors are constructed by these quantities according to the following prescription (see
Maugin, 1988),Table
Mater
c11
0.400
q ¼ 1:Cijkl ¼ cdijkl þ c12dijdkl þ c44ðdikdjl þ djkdilÞ;
Bijkl ¼ bdijkl þ b12dijdkl þ b44ðdikdjl þ djkdilÞ þ b77ðdikdjl  djkdilÞ;
Dijkl ¼ ddijkl þ d12dijdkl þ d44ðdikdjl þ djkdilÞ;
Aij ¼ adij;wherec ¼ c11  c12  2c44; b ¼ b11  b12  2b44; d ¼ d11  d12  2d44:
The polarization inertia m has been neglected both for simplicity and since we lack reliable data on this
parameter. The reference unit vectors m0 and n0 are chosen along the ﬁrst two axes of the crystal-physical sys-
tem of coordinates.
We ﬁrstly look for solutions to the compatibility condition (3.12). Real roots for v are given in Figs. 1 and 2,
respectively, as functions of the angle h, between m and m0, and as functions of x. For a ﬁxed angular fre-
quency x, we obtain at least one wave mode and at most ﬁve wave modes, shown in Fig. 1. Periodicity of
p=2 results from the class of material symmetry. For a ﬁxed angle h, two cutoﬀ frequencies occur for diﬀerently
polarized waves, which separate regions of ﬁve, three and one wave modes, as shown in Fig. 2. Only one mode,
the fastest, occurs at high frequencies. The maximum value of the cutoﬀ frequency is
xc  1013:3  1:995 1013, in correspondence to hc  p8 þ n p4 ; ðn ¼ 0; 1Þ.
Looking for possible surface waves we ﬁrstly are interested in computing the limiting wave speed vL which
is the smallest speed at which detðnnÞ ¼ 0 for any angle h. It corresponds to the superior bound for the speed
of possible surface waves. Fig. 3 shows vL as a function of x. It is found that vL changes its monotonicity at the
critical frequency xc, at which vL takes the maximum value vML  2:0111 105 cm=s.
We have derived the number of possible surface waves for any one of the cases described by Eqs. (4.6),
(4.7), (4.8), (4.9), (4.11), (4.12). In particular, wave modes for frequencies in a range around the critical value
xc have been considered.
The results show that for any frequency in that range, Eq. (4.12) always admits two solutions which cor-
respond to surface waves in absence of surface dipoles, while no solutions are found for grounded or unpo-1
ial parameters for KCl (see Maugin, 1988)
C ð1012 dyne=cm2Þ D ð107 dyne cm=CÞ B ð104 dyne cm4=C2Þ
c12 c44 d11 d12 d44 b11 b12 b44 b77
0.063 0.062 3.92 1:57 2:15 1.200 32 107 0.600 0.600
984 g=cm3; a ¼ 2:43 1019 dyne cm2=C2.
Fig. 1. Phase speed (cm/s) of bulk modes versus the orientation h (radians) at logx ¼ 12:5.
Fig. 2. Phase speed (cm/s) of bulk modes versus logx at h ¼ p=4.
M. Romeo / International Journal of Solids and Structures 45 (2008) 2964–2975 2973larized surfaces (respectively, Eqs. (4.6) and (4.9)). Below xc one solution exists for waves on clamped surfaces
(Eq. (4.7)) and above xc three solutions are found for Eq. (4.11) which represent stress-free surface waves. All
solutions to Eqs. (4.11) and (4.12) tend to the limiting value vML at x! xþc .
Numerical results are shown in Table 2. They suggest that xc plays the role of a right cutoﬀ for admissible
surface waves at clamped boundaries and of a left cutoﬀ for admissible surface waves at stress-free boundaries.7. Conclusions
The main objective we have achieved in this work is to set an eigenvalue problem in the Stroh formalism for
the dynamics of the linear continuum model of ionic crystals in the quasi-static approximation. We have
shown that the constitutive model including polarization gradient and polarization inertia yields an eigenvalue
Fig. 3. Limiting wave speed vL (cm/s) for admissible surface modes versus logx.
Table 2
Phase speeds (cm=s) of surface modes derived in Section 4.
logx vL (4.6) (4.7) (4.9) (4.11) (4.12)
12.5 2934 — 2492 — — 2760
2921
12.8 5897 — 5035 — — 5561
5877
13.0 9494 — 8213 — — 8996
9483
13.5 19,105 — — — 18,213 18,961
18,957 19,089
19,089
14.0 18,539 — — — 16,965 18,393
18,373 18,485
18,485
15.0 18,478 — — — 16,822 18,333
18,301 18,418
18,418
2974 M. Romeo / International Journal of Solids and Structures 45 (2008) 2964–2975problem which possesses suitable symmetries according to the property (3.9). This result is exploited to deal
with the problem of surface and interfacial waves, using the integral approach of Lothe and Barnett (1976a).
Meaningful conditions at the surface are examined to work out the corresponding dispersion relations. The
present results hold for anisotropic crystals of arbitrary material symmetry and for an arbitrary orientation
of surfaces or interfaces through the choice of vectors m0; n0. Eqs. (4.6)–(4.9), (4.11) and (4.12) can be viewed
as generalizations of dispersion relations for surface waves in piezoelectric media. Besides, they account for the
inﬂuence of electroelastic eﬀects on surface modes in non-piezoelectric crystals such as alkali halide.Acknowledgement
The research leading to this work has been supported by MIUR within the Coﬁn. 2006 Project ‘‘Modelli e
Metodi Matematici nella Fisica del Continuo”.
M. Romeo / International Journal of Solids and Structures 45 (2008) 2964–2975 2975References
Askar, A., Lee, P.C.Y., 1974. Lattice-dynamics approach to the theory of diatomic elastic dielectrics. Physical Review B 9, 5291–5299.
Askar, A., Lee, P.C.Y., Cakmak, A.S., 1970. Lattice-dynamics approach to the theory of elastic dielectrics with polarization gradient.
Physical Review B 1, 3525–3537.
Kalpakidis, V.K., 1996. On the dynamical theory of thermoelastic dielectrics with polarization inertia. Mechanics Research
Communications 23, 247–256.
King-Smith, R.D., Vanderbilt, D., 1993. Theory of polarization of crystalline solids. Physical Review B 47, 1651–1654.
Lothe, J., Barnett, D.M., 1976a. On the existence of surface-wave solutions for anisotropic elastic half-spaces with free surface. Journal of
Applied Physics 47, 428–433.
Lothe, J., Barnett, D.M., 1976b. Integral formalism for surface waves in piezoelectric crystals. Existence considerations. Journal of
Applied Physics 47, 1799–1807.
Maugin, G.A., 1976. Deformable dielectrics-I. Equations for a dielectric made of several molecular species. Archives of Mechanics 28,
679–692.
Maugin, G.A., 1988. Continuum Mechanics of Electromagnetic Solids. North Holland, Amsterdam.
Mindlin, R.D., 1968. Polarization gradient in elastic dielectrics. International Journal of Solids and Structures 4, 637–642.
Romeo, M., 2007. Hyperbolic system of balance laws modeling dissipative ionic crystals. Zeitschrift f€ur Angewandte Matematik und
Physik 58, 697–714.
